Time dilation and the conservation of energy in the Schwarzschild metric

By: Douglas L. Weller

Karl Schwarzschild solved Einstein’s field equations for a point mass to produce the
Schwarzschild metric. Einstein’s field equations correspond to what Einstein called the laws
of momentum and energy so that the field equations are in essence an expression of the
conservation of energy and momentum. Since it is a solution to the field equations, the
Schwarzschild metric also corresponds to the conservation of energy. Here is shown how the
conservation of energy, as expressed in the Schwarzschild metric, is the cause of time dilation.

The energy equivalence' E,, of a mass M, is given by

E, = Mc?. (1)
As long as mass M remains an isolated system, the total energy in the system will be equal
to Mc”.

If a mass m is introduced into the isolated system, the energy equivalence added to the

system will be equal to

E = mc’. (2)
As long as this new system remains isolated, the total energy in the system will be equal to
Mc? plus mc’.

While the total equivalent energy associated with mass m will be mc?, this energy
will, depending on the reference frame from which it is measured, be allocated into various

energy components. A kinetic component E, represents the amount of energy resulting from
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motion of mass m in the space dimensions, a gravitational component E, represents the
amount of energy resulting from proximity of mass m to mass M, and a time component E_
represents the amount of energy resulting from motion in the time dimension.

Because of the conservation of energy within the isolated system the total energy
associated with mass m, and thus the sum of the energy components, will be equal to mc”>.
That is,

E=mc*=E +E,+E,. (3)

When the value of one of the energy components in equation (3) is increased, the
value of at least one of the other components must correspondingly decrease in order that the
sum of the component values remains constant at mc”.

Time dilation occurs because an increase in the kinetic component E, or the
gravitational component E results in a decrease in the time component E_. A decrease in
the time component E_ indicates that the motion of mass m in the time dimension has
slowed, thus causing time dilation.

The direct link between energy conservation and time dilation is very clear when
considered within the context of the Schwarzschild metric. That is, if mass M is a point mass
and mass m is a particle, values for energy components E,, E, and E_ can be obtained from
the Schwarzschild metric?,

dr?

2 2 2 -2 2
m—r deo —(r Sin O)d(p . (4)

R
cdt’ = c*(1- 7)dt52 -
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In equation (4), r, 6 and ¢ are Schwarzschild space coordinates indicating the
location of mass m relative to the location of mass M, f is the Schwarzschild time coordinate,
Tis the proper time coordinate for mass m, ¢ represents the speed of light in a vacuum and R
is the Schwarzschild radius for mass M.

In order to allow an exact allocation of the equivalent energy mc’ into energy
components, without any overlap, the Schwarzschild metric can be expressed in a simpler

form’ by replacing the usual Schwarzschild time coordinate 7, with a new Schwarzschild time

. Rr
coordinate ¢, where dt, = \/dtz t———

5 dr* , so that
c (r—R)

Rr

dt =dt* + ——
S cz(r—R)2

dr’. 5)

Starting with equation (1) and replacing the usual Schwarzschild time coordinate #

with the new Schwarzschild time coordinate ¢ yields

2
cldt* =c*1- B)(dﬁ + 2( Rr )2 drz) dr -r’de* - (r2 sin’ 9)d(p2, which reduces to
c

r r-R) | (-R/m)
2
cart=cdr e g Rgp (R R o) AT gy —(rsin’6)dg’,
c*(r-R) r r c*(r-R) (1-R/r)
further reduces to
2 2
c’dv’ =cldt’ + Rr ~dr® - Ea’tz __R ~dr® - a___ r’do’® - (r2 sin” 9)d(p2 and to
(r-R) r (r-R) (1-R/r)
2 2
cldt? =c*(1- B)dtz + Rr Sdr’ - R ~dr® - (r R)mir -r’d6* - (r2 sin’ 9)d(p2 and to
F =R (r=R) (r=R)
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2Rr-R*-7?

(r - R)2 dr’ - r*do’ - (r2 sin’ 9)d(p2 and to

cldt’ =c*(1- B)dtz +
r

2
-R
cldv’ =c*(1- E)dtz - (r ) dr* -r*do’ - (r2 sin’ 0)d<p2 and finally reduces to

r (r-R)’
2 2 2 R 2 2 2 2 2 .2 2
c’dv’ =c*(1-=)dt* - dr’ - r*d6’ - (17 sin’ 0)dg”. (6)
r
The simplified form of the Schwarzschild metric set out in equation (6) can be

rearranged to correspond to the energy components shown in equation (3). Specifically,

equation (6) can be rewritten as

2 2 2 2 2
cz(%) =c’(1- E)(ﬁ) - ( dr) - r{ﬁ) - (r2 sin’ 6)(@) , which can also be expressed as

r\dr) \dr dt dt
2 2 2 2
c2=cz(ﬂ) +c25+(£) +r2(ﬁ) +(rzsin29)(d—q0). (7)
dt r dt dt dt
. o _(arY 2(d9)2 ) (d(p)2 .
Equation (7) can be simplified by replacing | —| +r’|—| +(r sin“ )| — | with
quation (7) p y rep g( dt) ]+ |

v, where variable v represents velocity in the space dimensions. Making this substitution and

multiplying both sides of equation (7) by m yields

2
E =mc’ =mcz(ﬂ) +m62£+mv2. (8)
dt r

Comparing equation (3) and equation (8), it is clear that kinetic component E, = mv’

represents the amount of energy resulting from motion in the space dimensions, gravitational

» R . .
component E, = mc”— represents the amount of energy resulting from proximity of mass m
r
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2
. dt .
to mass M, and time component E_ = mc2(d—) represents the amount of energy resulting
t

from motion in the time dimension.
From equation (8) it can be seen that an increase in any energy component will

necessarily result in a decrease in one or both of the other components in order to conserve the

dr\’
total energy mc’. Since m and c are constants, when time component E_ = mc2(d—)
t

. dt . dt . . dt .
decreases, the ratio I decreases and thus the ratio e increases. Ratio e represents time
t T T

dilation. Therefore, the conservation of the energy equivalence E of mass m, as set out in
equation (8), is the cause of time dilation.

When v = ¢, the kinetic component E, = mc”, the energy component E, =0 and time

oo dt — o
dilation e . Likewise, when r = R, the gravitational component E, = mc’, the energy
T

. oo dt . . .
component £_ =0 and time dilation e . Thus conservation of energy explains the time
T

singularity encountered at v =c and r = R. In general, equation (8) has a time singularity

. dt R .
(i.e., d_ =) at ¢’ =c”—+v* that demarks a boundary that cannot be crossed without
T r

violating the conservation of energy.

When the Schwarzschild metric is expressed using the Schwarzschild time coordinate
tg, the analysis is essentially the same, with the only difference being the existence of an
additional hybrid energy component that is affected both by gravity and motion.

Specifically, equation (4) can be rewritten as
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2 2 2 2 2
A S Byds| oL [dr) afdo -(r2s1n26)@ . which can be
dr, P \dr, |~ (A-Rin\dr, dr, dt,

2 2 2 2
rearranged as ¢ =c’ dr) Ry L fdr) ) afd6) (r2 sin” 6) a9 , which can
dt r  (1-R/r)\dt dt dt

also be expressed as

2 2 2 2
E =mc® = mc?’ ﬂ +m025+m; ﬂ +mr’ ﬁ +m(rzsin29) d_(p . 9
dt r A-R/r)\ dt dt dt

+ 1, equation (9) can be rearranged as

Since =
(1-R/ry (r-R)

2 2 2 2 2
E=mcz=mcz(j—r) +mc2£+m R (dr) +m( dr) +mr2(ﬁ) +m(rzsin20)(;l—('v) .

dr dr dr

2 2 2
Replacing (;1_r) + rz(j—g) + (rzsin2 0)(2—(;0) with v, yields
tS tS tS
dr\ R R (ar)
E =mc’ =mc’ i +me’—+m a +mvS2. (10)
dt r (r-R)\ dt

Comparing equation (3) and equation (10), it is clear that the time component

2
dt . . . . .
E_= mc2(—) represents the amount of energy resulting from motion in the time dimension.

2
(ﬂ) is affected by both motion in Euclidean space

Because the hybrid component m

(r-R)\ di,

and by the proximity of mass m to mass M, it contributes to the value of both kinetic
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component E, and gravitational component E; therefore,

2
R R
E,+E,=mc*—+m (ﬂ) +mv52.
r (r-=R)\ dt

As can be seen from equation (10), the time singularity and the associated boundary

based on the conservation of energy still exists at v=c and r = R.
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